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Exact Expressions for Curved Charac te r i s t ics  

Behind Strong Blast Waves 

0. Laporte and T. S. Chang 

I. Introduct ion 

Blast  waves are produced i n  gaseous media due t o  t h e  sudden deposi t ion 

of l a rge  amounts of energy i n  r e l a t i v e l y  s m a l l  regions.  The propagation 

of a point-source b l a s t  wave i n t o  an i d e a l  gas ,  whose i n i t i a l  pressure i s  

assumed t o  be negl ig ib ly  low, is known t o  be self-s imilar .  T h i s  property 

was first deduced by Taylor’ using dimensional arguments. A b r i e f  deriva- 

t i o n  of t h i s  r e s u l t  based on invar ian t  theorems of continuous group of 

transformations is given i n  the  appendix. 

t h e  flow var iab les  i n  t h e  nonisentropic region behind such a b l a s t  wave i n  

n ( =  1, 2 ,  3 )  dimensions were obtained independently by von Neumann2 and 

Sedov . 
e a r l i e r  paper4 by t h e  authors.  

Closed form so lu t ions  descr ibing 

3 The r e f l ec t ion  of s t rong b l a s t  waves had been discussed i n  an 

Since t h e  self-similar so lu t ion  is a so lu t ion  with s t r a t i f i e d  entropy- 

i n  fact ,  t h e  only exact so lu t ion  of t h i s  type known and therefore  i n t e r e s t -  

ing pedagogically - t he re  a r e  t h r e e  sets of c h a r a c t e r i s t i c  curves. 

purpose of t h i s  paper is t o  r epor t  t h e  i n t e r e s t i n g  result t h a t  these  t h r e e  

fami l ies  of curved c h a r a c t e r i s t i c s  also can be represented i n  closed form, 

and remarkably s t i l l  i n  terms of elementary funct ions.  

2% 
The 

& 5 See, e.g. , Courant E Friedrichs . 
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A s  far as t h e  authors know, these  expressions represent  t h e  only known 

closed form so lu t ions  of  t h r e e  sets of curved c h a r a c t e r i s t i c s  i n  a non- 

i s e n t r o p i c  flow region. 

11. Sel f -s imi la r  Solu t ion  

Using t h e  no ta t ions  of Chang E Laporte4, t h e  flow va r i ab le s  behind 

a self-similar b l a s t  wave may be expressed i n  dimensionless forms as follows: 

f = u/u' = A I G y  , 

A,-1 
A7 h = p/p '  = [A3 (yG/A, - 11 CA, (1 - a / A , > I  

In these equations, 
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i s  t h e  s i m i l a r i t y  parameter, and ( u ,  p ,  p )  a r e  t h e  ve loc i ty ,  p ressure ,  and 

dens i ty  i n  t h e  nonisent ropic  flow region behind t h e  b l a s t  wave, respec t ive ly .  

Furthermore, 

- 

G = u t / r  ( 3 )  

is a dimensionless v e l o c i t y ,  t i s  t h e  elapsed t i m e ,  r and R r e spec t ive ly  

are t h e  r a d i a l  d i s t ance  and shock r ad ius  measured from t h e  poin t  of explosion. 

The cons tan ts  A 

and n as follows: 

A, ,  ..., A are defined i n  terms of t h e  a d i a b a t i c  index y 
1’ 9 

where n = 1 f o r  a p lanar  wave, = 2 f o r  a c y l i n d r i c a l  wave, and = 3 f o r  a 

sphe r i ca l  wave. 

dens i ty  p e  , just behind t h e  b l a s t  wave a t  r = R (or y = 1) are express ib le  

i n  terms of t h e  instantaneous shock speed U, and t h e  f l u i d  dens i ty  po ahead 

The flow ve loc i ty  u’ ,  f l u i d  pressure  p9, t h e  f l u i d  
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of t h e  shock wave ( i . e . ,  t h e  i n i t i a l  dens i ty )  by t h e  familiar s t rong  shock 

formulae as follows: 
e 

2 u , pt=---pu2 2 - Y + l p  
y t l  0 ’ y - 1  0 

u’ = - 
Y + l  

Following an argument due t o  Taylor’ or t h e  group-theoretical  discus- 

s ion  given i n  t h e  appendix, t h e  shock r ad ius  R may be expressed as a 

func t ion  of t h e  elapsed t i m e  t as follows: 

(5 )  

where E 

length f o r  a c y l i n d r i c a l  wave, and t h e  t o t a l  energy re leased  f o r  a sphe r i ca l  

wave, and K 

i s  t h e  energy re leased  per  u n i t  area f o r  a planar wave, per u n i t  
0 

is a constant determined by t h e  energy i n t e g r a l  n 

From Eq. (61, t h e  shock speed U can be ca lcu la ted .  

f ,  g, and h ,  given i n  Eqs. (11, can be regarded as func t ions  of t h e  s i m i l a r i t y  

parameter y which has t h e  convenient range of 0 $ y 6 1. 

The expressions for 

111. Particle Lines 

It is known t h a t  t h e  b a s i c  equations governing t h e  nonisentropic flow 

behind a propagating b l a s t  wave admit t h r e e  d i s t i n c t  c h a r a c t e r i s t i c  d i r e c t i o n s  

i n  t h e  r-t plane given by 

d r /d t  = u ,  u It a (8) 
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where a = '(yp/p is  t h e  l o c a l  ad iaba t i c  speed of sound. The first 

c h a r a c t e r i s t i c  d i r ec t ion  given by Eq.  ( 8 )  coincides  with t h e  l o c a l  p a r t i c l e  

ve loc i ty  and t h e  family of c h a r a c t e r i s t i c s  are therefore  p a r t i c l e  l i n e s .  

This d i r e c t i o n  corresponds t o  t h e  speed of propagation of entropy d i s tu r -  

bances. The o ther  two c h a r a c t e r i s t i c  d i r ec t ions  of Eq. ( 8 )  correspond t o  

t h e  l o c a l  speeds of  propagation of  pressure ,  dens i ty ,  or veloc i ty  d i s tu r -  

bances. 

Consider first t h e  (u ) - cha rac t e r i s t i c s  or p a r t i c l e  l i n e s .  According 

t o  i t s  d e f i n i t i o n  and the  self-similar so lu t ion ,  E q s .  (1)-(7),  it may be 

e a s i l y  deduced t h a t  along a (u ) - cha rac t e r i s t i c ,  

where y ( c )  i s  given by Eq. ( 2 ) .  

Eq. ( 6 )  as follows: 

The shock speed U can be evaluated from 

But, from t h e  d e f i n i t i o n  of t h e  s i m i l a r i t y  parameter, Eq. (21, and 

t h e  expression for t h e  shock r ad ius ,  Eq. (61, it can be shown t h a t ,  i n  

general ,  
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Therefore, from E q s .  (2 )  and (9)-(11), it i s  found t h a t ,  

along a p a r t i c l e  l i n e .  But, from Eq. ( 2 )  

Therefore 

d log t = F(6) dc , 

where 

is a r a t i o n a l  func t ion  of 6 and Eq. (14) can be in t eg ra t ed  i n  terms of 

elementary functions.  The r e s u l t  i s  

B2 -1) B 3 
= a6. (A2 - i)" (6. - A 2 / y >  * (2. - A5 9 

where 
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n 

and t = t/t 

venient time scale t . 
is a dimensionless time normalized with respec t  t o  some con- 

0 

0 

To complete t h e  so lu t ion  f o r  t h e  p a r t i c l e  l i n e s ,  an expression among 

(r, t ,  is  obtained from E q s .  ( 2 )  and ( 6 ) .  I n  dimensionless form, t h i s  

express ion  b ecomes , 

where 

Equations (16)-(19) form t h e  closed form parametric so lu t ion  f o r  t h e  

family of ( u ) - c h a r a c t e r i s t i c s  o r  p a r t i c l e  l i n e s  behind a self-similar b l a s t  

wave. 

I V .  (u -+ a ) -Charac te r i s t i c s  

According t o  t h e  d e f i n i t i o n s  of  t h e  (u k a ) F c h a r a c t e r i s t i c s ,  w e  have 

- -  - ~ + a  . 
d t  

d+r 
(20) 

Thus, from t h e  self-similar s o l u t i o n ,  Eqs. (1)-(7),  it may be demonstrated 

t h a t  

d,r - 
- - 
d t  = u ' f  k Cyp'g/(p'h)l 1 / 2  
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where g(G), h(G), y(G) are given by E q s .  (1) and (21, and t h e  shock speed U 

by Eq. ( 1 0 ) .  

Therefore, from E q s .  (11, (21, (101, (111, and (211, and af ter  con- 

s ide rab le  manipulation, it is found t h a t ,  

where, 

The expression d l o g  y/d6 i n  G ( 6 )  i s  known and given by Eq. (13). Therefore, 

G ( G )  may be reduced t o  an a lgeb ra i c  func t ion  involving square r o a t s  of  second 

degree polynomials of as r a d i c a l s .  This means t h a t  E q s .  (22) can be in t e -  

gra ted  i n  terms of elementary, a l b e i t  t ranscendenta l ,  functions.  

are : 

The r e s u l t s  

where 
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Equat'ions (24) and t h e  parametric expression for (G, i, G )  given by 

Eq. ,(18) form t h e  closed form parametric so lu t ions  for t h e  two f ami l i e s  of 

(u  5 a ) - c h a r a c t e r i s t i c s  i n  t h e  dimensionless $-? plane. 

E q s ,  (24) must be evaluated for each c h a r a c t e r i s t i c  from a set of known values 

The constant K, i n  - 

V. Ca lcu la t iona l  Results 

T a b l e  I contains t h e  values of t h e  cons tan ts  A I ,  A,, ..., A9 of Eqs. ( 4 ) ,  

a, 8 , ,  B, ,  8 ,  of Eqs .  (171, and k ,  1, m of E q s .  ( 2 5 1 ,  as w e l l  as t h e  values 

of K as determined by Eq. ( 7 )  f o r  n = 1,2,3 and y = 5/3 e 
i- 

n 

Figure 1 di sp lays  a t y p i c a l  s e t  of so lu t ion  curves expressing t h e  dimen- 

s ion le s s  t i m e  f as func t ions  of t h e  dimensionless d i s t ance  $ f o r  n=3 and y=5/3. 

The terminating curve A i s  t h e  path of t h e  f r o n t  of t h e  b l a s t  wave. Behind A ,  

t h e r e  are t h r e e  f ami l i e s  of c h a r a c t e r i s t i c s :  (1) t h e  s o l i d  curves a r e  t h e  

(u ) - cha rac t e r i s t i c s  or p a r t i c l e  l i n e s  of  Sec. 111; (2) the dashed curves are t h e  

( u t a ) - c h a r a c t e r i s t i c s ;  and ( 3 )  t h e  dot-dashed curves are t h e  (u-a)-characteris- 

t ics .  

curves of a l l  t h r e e  families i n t e r s e c t  (such as t h e  point l a b e l l e d  B i n  Fig. 11, 

one recognizes t h e  familiar fact" t h a t  t h e  angle between t h e  (u t a ) -  and (u-a)- 

A s  expected, i f  one ' s  a t t e n t i o n  is  f ixed  upon a p a r t i c u l a r  po in t  where 

c h a r a c t e r i s t i c s  is b i sec t ed  by t h e  p a r t i c l e  l i n e .  

'The evaluation of  t hese  cons tan ts  i s  q u i t e  s t ra ight forward  with t h e  ex- 

cept ion  of K 

t a in  poles  a t  t h e  lower l i m i t s  of t h e  ranges of i n t eg ra t ion .  

which r e q u i r e s  t h e  ca l cu la t ion  of i n t e g r a l s  whose integrands con- 

The authors s h a l l  

n 

be g lad  t o  supply t h e  values of K as w e l l  as o t h e r  constants f o r  o ther  values n 
of y. 

"See, e.g., Courant E Friedrichs5. 
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Appendix 

Group Theore t ica l  Discussion Leading 

t o  the  Self-similar Solution 

The b a s i c  d i f f e r e n t i a l  equations descr ibing t h e  nonisentropic  

( p a r t i c l e  i s e n t r o p i c )  flow of an i d e a l  gas behind a b l a s t  wave may be 

wr i t t en  as: 

where 

9, A P(UP, i- Pt> - YP(UPr -t Pt) ¶ 

and subsc r ip t s  denote p a r t i a l  d i f f e r e n t i a t i o n .  

Consider a one-parameter continuous group of t ransformations defined by 

( G 9  t )  = (Aar, AWbt) (A3a 

and the re fo re  , 
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= (ACwau r' Actbut, Ad-apr3 Adtbpt, Ae-apr, Aetbpt) , 

where A i s  t h e  only parameter, and ( a ,  b ,  e ,  d ,  e )  are constants .  The 

requirement of  invariance of t h e  b a s i c  d i f f e r e n t i a l  equations (Al) and 

(A2) under t h i s  group w i l l  determine t h e  choice of these  constants .  

can be shown t h a t  t h e  transformed funct ions 

I t  

- - - - -  - -  - 
$i A Qi(iiF, UT,  u ;  PF3 Pf3 p;  PF> P p  i s ;  F, €1  3 

( i  = 1, 2 ,  3) , 

w i l l  be propor t iona l  t o  t h e  o r i g i n a l  Q ' s  i f  w e  r equ i r e  t h a t  i 

c = a t b  , e = d - 2(a tb )  a 

The r e s u l t  is: 

(A4 1 

(A5 1 

Thus, t h e  (p ' s  are conformal inva r i an t s  and t h e  b a s i c  d i f f e r e n t i a l  equations,  

(All  and (A2), become inva r i an t  under t h e  group defined by Eqs. (A3), ( A 4 ) ,  

i 

and (A6). 

According t o  a theorem by Morgan', i f  a system of  M(Z1) p a r t i a l  d i f fe ren-  

t i a l  equations with M dependent va r i ab le s  and N ( i 2 )  independent va r i ab le s  is 

invar ian t  under a one-parameter continuous group of  t ransformations of t h e  

dependent and independent va r i ab le s ,  then  t h e  " invariant"  so lu t ions  of t h i s  
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system of equations under t h e  group (enlarged t o  include t h e  transformation 

of t h e  p a r t i a l  de r iva t ives )  can be expressed i n  terms of t h e  so lu t ions  of a 

system of M d i f f e r e n t i a l  equations with M dependent var iab les  (F i=l, ..., M) 
and ( N - 1 )  independent var iab les  (5 , j=1, . . . , N - 1 )  . 
a r e  absolute  inva r i an t s  under t h e  transformation group and 5 ' s  are the  ( N - 1 )  

func t iona l ly  independent i nva r i an t s  of t h e  subgroup of transformations of t h e  

i' 

I n  t h e  above , t h e  Fi l s  
j 

j 

o r i g i n a l  independent var iab les .  In  t h e  present  case, M=3 and N=2; thus ,  it i s  

expected t h a t  t h e r e  e x i s t s  a class of so lu t ions  t o  E q s .  ( A l l  and (A2) i n  terms 

of th ree  func t ions ,  F i (<) ,  ( i  = 1, 2 ,  31, of an absolu te  inva r i an t  .E, of t h e  

transformation group defined by Eq. (A3a). The F . ' s ,  a t  least i n  class C1, 

a r e  inva r i an t s  under Eqs .  (A3) and (A6). 

1 

It. is s t ra ightforward t o  ve r i fy  t h a t ,  

a /b  5 = rt Y 

and 

a ( aal +a+b ) /b 
F ( 5 )  = r 't 9 

1 

a3 (aa3+d-2a-2b)/b 
F3(5) = r t " P  

a ) are a r b i t r a r y  constants .  The values of ( a l ,  a2,  3 are such invar ian ts .  

Without loss of gene ra l i t y ,  the  F . ' s  i n  (A9) has been chosen such t h a t  each 

contains only one of t h e  o r i g i n a l  dependent va r i ab le s ,  (u ,  p ,  p ) .  

1 
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From E q s .  (A8) and (A9), it is concluded t h a t  t h e r e  e x i s t s  a class 

of s e l f - s i m i l a r  so lu t ions  t o  E q s .  (All and (A2) of t h e  form: 

-a - (aal+a+b )/b 
F 1 ( 0  2 

1 u = r  t 

-a 2 -(aa2+d)/b 
p = r  t F 2 ( 5 )  , 

-a -(aa3+d-2a-2b)/b 
p = r  3t * F3(5) 

where E; i s  given by Eq.  (A8). For  a b l a s t  wave with zero ambient pressure ,  

t h e  energy i n t e g r a l  given by Eq. ( 7 )  i s  a constant.  

s a t i s f i e d  by t h e  self-similar so lu t ion ,  (AlO), i f  and only i f :  

This condi t ion  can be 

(1) 

(2)  a/b = -2 / (2 tn)  . 
5 = constant a t  t h e  shock, and 

Thus, a t  t h e  shock (;.e. , at  r = R ) ,  

= c  , -2/( 2 tn  ) ' 4  = Rt 

(All 1 

where C is  a constant.  Therefore,  for a self-similar b l a s t  wave, 

(A131 2 / (2 tn )  R = C t  

The s imi la r i ty  parameter 4 may be replaced by a dimensionless parameter 

y defined as follows: 

-1 -2/(2+n) y = r / R  = C rt a 
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where, 

and K i s  a dimensionless constant.  n 

The above completes t h e  genera l  formulation of t h e  s e l f - s i m i l a r ,  b l a s t  

wave so lu t ion .  I t  is  noted t h a t  t h e r e  remain f i v e  free cons tan ts ,  

( a ,  a l ,  a2, a3, d ) ,  which may be assigned a r b i t r a r y  values. 

choice of 

For  t h e  s p e c i a l  

t h e  s i m i l a r i t y  transformation defined by Eqs .  (A91 i n  t e r m s  of t h e  new 

parameter y becomes : 

( A 1 7  

These are e s s e n t i a l l y  t h e  transformations used i n  Refs. 3 and 4. While values 

of ( a ,  a I) a2, a3 ,  d )  o t h e r  than those  of (A161 may be chosen, it can be 

demonstrated t h a t  Eqs .  (A91 cannot be made any simpler than  those  of ( A 1 7 ) .  

It should be noted t h a t  i f  t h e  pe r fec t  gas assumption in +3 of ( A 2 c )  

is  replaced by one containing ion iza t ion  and d i s s o c i a t i o n ,  or i f  t h e  boundary 

conditions of  (5 )  f o r  zero ambient pressure  is  replaced by those  for f i n i t e  

ambient pressure  ( i . e . 9  f o r  shock of f i n i t e  s t r e n g t h ) ,  t h e  group property 

leading t o  t h e  se l f - s imi l a r  so lu t ion  such as those  given by ( A 1 7 1  w i l l  be 
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l o s t .  

i n  mathematical physics which admit invar ian t  s e l f - s imi l a r  so lu t ions  under 

continuous groups of t ransformations,  p a r t i c u l a r l y  when t h e  so lu t ions  may be 

expressed i n  c losed forms such as those  described i n  t h i s  paper. 

Nevertheless,  it should always be challenging t o  inves t iga t e  problems 

'(3. I. Taylor,  Report of C i v i l  Defense Research Committee of t h e  Ministry 
of Home Secur i ty ,  RC-210, 12  (1941); a l s o ,  Proc. Roy. SOC. (London) A201, 159 
(1950). 

*H. A .  Bethe, K. Fuchs, J.  von Neumann, R. P e i e r l s ,  and W. G .  Penny; 
U. S. Atomic Energy Commission Report AECD-2860, (1944). 

3L. I .  Sedov, P r ik l .  Math. Mekh. LO, 241 (1946); a l s o ,  S imi l a r i t y  and 
Dimensional Methods i n  Mechanics (Acadz ic  Press , Inc. , New York , 1959). 

4T. S. Chang and 0. Laporte, Phys. Fluids  7 ,  1225 (1964). - 

'R. Courant and K. 0. Fr iedr ichs ,  Supersonic Flow and Shock Waves, 
( In te rsc ience  Publ ishers ,  Inc . ,  New York, 1948). 

.6A. J. A. Morgan, Quart .  J. Math., 2 ,  250 (1952). - 
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Caption of Figure 

Figure 1 Curved Charac te r i s t i c s  Behind a Strong Blast Waye fo r  

n=3,  y=5/3, 
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